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Outline

:: Randomized search methods such as GSAT and WalkSAT have shown benefits.

:: In SAT: they systematically outperform complete search.
−Would they counterparts perform well in ILP lattice search?

:: Recently, intriguing properties identified of search spaces corresponding to difficult
combinatorial problems:

− Highly irregular (fractal) structure

− Heavy-tailed (non-exponential) distributions of search runtimes

:: Exploiting these properties lead to design of randomized, rapidly restarted (RRR)
search strategies outperforming GSAT and WalkSAT.
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Outline

:: Similar distributions observed in ILP clause search [Zelezny, Srinivasan, Page ILP 02]
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Probability of achieving a Score with growing # of evaluated clauses for multiple Scores. (Mutagenesis)

:: Basic Idea of Restarts: Distrib. F (c) has large or infinite mean, but F (γ) > 0
(γ > 0). With restarts, Fγ(n) = 1− (1− F (γ))n is expntl and has finite mean.
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Outline

:: Runtime improvement achieved with RRR in ILP [Zelezny, Srinivasan, Page ILP 02]. But HW
dependent measurements, ad-hoc setting of γ (‘cutoff value’), little insight provided.

:: Goals here:

− Design a family of randomized restarted strategies.

− Run a Monte-Carlo experiment to collect a sample allowing to:

− Investigate statistical relationships btw. the mean values of

∗ score (of the best clause found in the search)

∗ cost (total # of clauses evaluated)

∗ cutoff (# clauses evaluated before restarting search).
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Search Strategies – Unified View

:: Sources of randomness for search repeatedly restarted after γ clauses evaluated:

− Saturant Selection - positive example to build ⊥.

∗ Deterministic: next example in the list

∗ Stochastic: uniform random selection

− Starting clause from which refinement stems.

∗ Deterministic: the most general clause

∗ Stochastic: uniform random selection in subs. lattice [Srinivasan 1999]

− Next explored node in the refinement sequence.

∗ Deterministic: first in the open list (sorted by score)

∗ Stochastic: first with prob 1/2, otherwise random with prob ∼ score
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Search Strategies – Unified View

:: Various randomness sources correspond to various strategies. Restarting DTD only
means repeating the same search.

Strategy Satu- Starting Next Comple- Refi-
rant clause node teness nement

Deterministic Top Down - - - Cmp ↓
(DTD)

Randomized Top Down * - * Cmp ↓
(RTD)

Rapid Random Restarts * * - Cmp ↓↑
(RRR)
GSAT * * - Grd ↓↑

(GSAT)
WalkSAT * * * Grd ↓↑
(WSAT)
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Principles of Evaluation

:: Given a clause scoring function, investigate how many clauses must be
searched to achieve a desired score.

:: Estimate the conditional cost expectation E[C|S, γ] for a range of scores S and
cutoffs γ by measuring sample means in a Monte-Carlo experiment.

:: Obvious caveats

− Obtained ranking may not generalize to multi-clause theory construction where
clause searches are statistically dependent events (influence through example re-
moval in the cover algorithm).

− Ignores generalization issues.

− Ignores evaluation time and time to build ⊥.

−May as well ask for E[S|C, γ] but that is a different story.
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Measurement Method

:: Collect a statistical sample by running a large set of searches for each strategy.

:: Cost must be limited (can’t wait forever). Cmax = 200,000 scored clauses.

:: Define an finite integer scoring function (#pos - #neg) with values [0, Smax].

:: Running a set of searches for each S ∈ [0; Smax] and γ ∈ [0; Cmax] to estimate
E[C|S, γ] would be a waste.

:: Be smarter: run only a set of searches for γ = Cmax and S = Smax and collect a
sample C of the random vector c0, c1, . . . , cSmax where cs is the cost at which score s
was first achieved.

:: E[C|S, γ] can be calculated for any S ∈ [0; Smax] and γ ∈ [0; Cmax] from C.
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Calculating Means

:: DTD (non-restarted). E[C|S, γ = ∞] ≈ the average of cS. But if S never
achieved in a run, we set cS = Cmax + 1. Therefore estimate negatively biased and
is a lower bound.

:: For restarted strategies (RTD, RRR, GSAT, WSAT), we estimate the distribution
F (C|S) ≈ |{c|cS ≤ C}||C|−1, ie. as the fraction of runs where S was achieved with
cost ≤ C. This estimate unbiased (not achieving S simply counts as unsuccess).

:: Given S and γ, the expected cost before the last restart is (R ∼ # of restarts,
including start of execution)

γE[R− 1|S, γ] = γ

(
F (γ|S)

∞∑
t=1

t (1− F (γ|S))t−1 − 1

)
= γ

(
1

F (γ|S)
− 1

)

(1)
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Calculating Means

:: The expected cost after the last restart (see derivation in procs) is
γ∑

n=1

n
F (n|S)− F (n− 1|S)

F (γ|S)
(2)

:: The expected total number of evaluated clauses before achieving S is thus:

E[C|S, γ] = γ

(
1

F (γ|S)
− 1

)
+

∑γ
n=1 n (F (n|S)− F (n− 1|S))

F (γ|S)
(3)

:: Remind: we have an unbiased estimate for the F ’s above.
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Data and Computational Platform

:: 2 Benchmark domains: Mutagenesis and artificial Graph data (target hyp is a
subgraph). Main properties:

Property Graphs Mutagenesis

Origin Artificially generated Biochemical literature
Noise No Yes

‘Target’ theory Yes No
‘Good’ theory One long clause (10 lits) Several short clauses (≤ 5 body lits)

# pos/neg examples 20/20 125/63

:: Search implemented in Aleph and distributed in the Condor GRID at UW Madison
(10s-100s computers) .
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Trends

:: Randomized Top-Down (curved lines) vs. Determ. Top-Down (straight lines)
on Graphs (left) and Muta (right).
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cutoff vs. cost where cost = E[C | score, cutoff]; for various scores
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Trends: RRR, GSAT, WSAT (↑Graphs, ↓Muta)
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cutoff vs. cost where cost = E[C | score, cutoff]; for various scores
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cutoff vs. cost where cost = E[C | score, cutoff]; for various scores
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Observations

:: Small differences across specific strategies and problem domains.

:: Large differences for different cutoff values γ .

:: γ = 100 is a generally ‘good’ choice.

:: γ < 10 is a generally ‘bad’ choice.

:: For a wide range of γ, restarted methods yield lower exp costs w.r.t to DTD.
With optimum γ, up to 1000 times.

:: Beware: rapid increase of exp cost to ∞ just below the optimum of γ for
restarted search.
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Discussion / Future Work

:: Randomization and restarts significantly reduced the expected # of evaluated
clauses for a large range of restart cutoff values.

:: In terms of CPU time, however,
− top-down methods (DTD, RTD) may improve their ranking as they, on average,

evaluate shorter clauses.

− larger values of cutoff may improve their ranking as they saturate (build ⊥) less
frequently. (Building a new⊥ with each restart is not necessary for randomization,
only increases desirable variance).

:: How to achieve more performance robustness for restarted strategies (less depen-
dence on the crucial cutoff value)?

− ‘dynamic’ restarts?

− eg. geometrically growing γ?
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* THE END *
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