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ABSTRACT
We describe a novel statistical relational learning framework
capable to work efficiently with combinations of relational
and numerical data which is especially valuable in bioinfor-
matics applications. We show how this model can be applied
to modelling of gene expression data and to problems from
proteomics.

Categories and Subject Descriptors
I.2.6 [Artificial Intelligence]: Learning; J.3 [Life and
Medical Sciences]: Biology and genetics

1. INTRODUCTION
Modelling of relational domains which contain substantial
part of information in the form of real valued variables is
an important problem with applications in bioinformatics.
In this paper we describe a relatively simple framework for
learning in rich relational domains containing numerical data.
The system relies on multivariate normal distribution and
exploits regularities in covariance matrices for construction
of models capable to deal with variable number of numerical
random variables.

2. GAUSSIAN LOGIC
Let n ∈ N . If v⃗ ∈ Rn then vi (1 ≤ i ≤ n) denotes the i-th
component of v⃗. If I ⊆ [1;n] then v⃗I = (vi1 , vi2 , . . . vi|I|)

where ij ∈ I (1 ≤ j ≤ |I|). To describe training examples
as well as learned models, we use a conventional first-order
logic language L whose alphabet contains a distinguished
set of constants {r1, r2, . . . rn} and variables {R1, R2, . . . Rm}
(n,m ∈ N). An r-substitution ϑ is any substitution as long
as it maps variables (other than) Ri only to terms (other
than) rj . For the largest k such that {R1/ri1 , R2/ri2 , . . . ,
Rk/rik} ⊆ ϑ we denote I(ϑ) = (i1, i2, . . . ik). A (Herbrand)
interpretation is a set of ground atoms of L. I(H) (I(φ))
denotes the naturally ordered set of indexes of all constants
ri found in an interpretation H (L-formula φ).
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Our learning examples have both structure and real param-
eters. An example may e.g. describe a measurement of
the expression of several genes; here the structure would
describe functional relations between the genes and the pa-
rameters would describe their measured expressions. The
structure will be described by an interpretation, in which
the constants ri represent uninstantiated real parameters.
The parameter values will be determined by a real vector.

Formally, an example is a pair
(
H, θ⃗

)
where H is an inter-

pretation, θ⃗ ∈ ΩH , and ΩH = R|I(H)|. The pair
(
H, θ⃗

)
may

also be viewed as a non-Herbrand interpretation of L, which
is the same as H except for including R in its domain and
assigning θi to ri.

Examples are assumed to be sampled from the distribu-

tion P (H,ΩH) =
∫
ΩH

fH
(
θ⃗|H

)
P (H)dθ⃗ which we want

to learn. Here, P (H) is a discrete probability distribution
on the countable set of Herbrand interpretations of L. If L
has functions other than constants, we assume that P (H)

is non-zero only for finite H. fH
(
θ⃗|H

)
are the conditional

densities of the parameter values. The advantage of this
definition is that it cleanly splits the possible-world prob-
ability into the discrete part P (H) which can be modeled
by state-of-the-art approaches such as Markov Logic Net-
works (MLN’s) [3], and the continuous conditional densities

fH
(
θ⃗|H

)
which we elaborate here. In particular, we assume

that f
(
θ⃗|H

)
= N (µ⃗H ,ΣH), i.e., θ⃗ is normally distributed

with mean vector µ⃗H and covariance matrix ΣH . The in-
dexesH emphasize the dependence of the two parameters on
the particular Herbrand interpretation that is parameterized

by θ⃗.

We explore a method, in which parameters determining
P (H,ΩH) can be estimated using the entire training set.
The type of P (H,ΩH) is obviously not known; note that it

is generally not a Gaussian mixture since the θ⃗ in the normal

densities fH
(
θ⃗|H

)
have, in general, different dimensions for

different H. However, our strategy is to learn Gaussian fea-
tures of the training set. A Gaussian feature (feature, for

short) is a L-formula φ, which for each example
(
H, θ⃗

)
ex-

tracts some components of θ⃗ into a vector u⃗(φ), such that
u⃗(φ) is approximately normally distributed across the train-
ing sample. For each feature φ, µ⃗u⃗(φ) and Σu⃗(φ) are then



estimated from the entire training sample. A set of such
learned features φ can be thought of as a constraint-based
model determining an approximation to P (H,ΩH). We de-
fine Gaussian features more precisely in a moment after we
introduce sample sets.

Given an example e = (H, θ⃗) and a feature φ, the sample

set of φ and e is the multi-set S(φ, e) = {θ⃗I(ϑ)| H |= φϑ}

where ϑ are r-substitutions grounding all free variables in φ,
and H |= φϑ denotes that φϑ is true under H.

Now we can formally define Gaussian features. Let φ be a
L-formula, {ei} be a set of examples drawn independently

from a given distribution and let θ⃗i be vectors, each drawn
randomly from S(φ, ei). We say that φ is a Gaussian feature

if θ⃗i is multivariate-normally distributed.

Given a non-empty sample set S(φ, e), we define the mean

vector as µ(φ, e) = 1
|S(φ,e)|

∑
θ⃗∈S(φ,e) θ⃗ and the Σ-matrix as

Σ(φ, e) = 1
|S(φ,e)|

∑
θ⃗∈S(φ,e)

(
θ⃗ − µ(φ, e)

)(
θ⃗ − µ(φ, e)

)T

.

Finally, using the above, we define estimates over the entire

training set as µ̂φ = 1
m

∑m
i=1 µ(φ, ei) and Σ̂φ = 1

m

∑m
i=1

(Σ(φ, ei) +µ(φ, ei) µ(φ, ei)
T
)
− µ̂µ̂T . It can be shown that

these estimates are consistent and unbiased (asymptotically
unbiased, respectively) despite the fact that samples in in-
dividual sample sets are not independent [6].

Importantly, using the training-set-wide estimates, we can
derive estimates of parameters µ⃗Hn and ΣHn of the densities

fHn

(
θ⃗|Hn

)
for a relational structure H, even if H does not

occur in the training set.

In general, the problem of estimating the mean µ(φ, ei) is an
NP-hard problem (it subsumes the well-known NP-complete
problem of θ-subsumption). However, it is tractable for a
class of features, conjunctive tree-like features [5] for which
we devised efficient (polynomial-time) algorithms. Intuitively,
a tree-like conjunction can be imagined as a tree with the
exception that whereas trees are graphs, conjunctions corre-
spond in general to hypergraphs. Computation of µ-vectors
and Σ-matrices of tree-like conjunctive features can be done
in time polynomial in the combined size of the feature and
the respective example.

Finally, let us briefly describe methods for constructing a set
of features that give rise to models capable to appropriately
model a given set of examples. These methods are special-
ized for working with tree-like features because estimation of
the parameters is tractable for them. The feature construc-
tion algorithm for tree-like features is based on an algorithm
from [5]. It shares most of the favourable properties of the
original algorithm like detection of redundant features1.

3. EXPERIMENTS
We start by describing experiments with gene expression
data. We wanted to find out whether it is possible to im-
prove covariance matrix estimation on gene sets using fea-

1More details can be found in the technical report [6].

GL Train Target w/l against BL GL BL
GDS1975 GDS1975 694/306 -459 -488
GDS1220 GDS1220 827/173 -302 -630
GDS1375 GDS1375 445/555 -334 -409
GDS1975 GDS1220 807/193 -303 -630
GDS1220 GDS1375 423/577 -336 -409
GDS1375 GDS1975 740/260 -459 -488

Table 1: Experimental Results: The first column
displays the training datasets used for Gaussian
logic, the second column displays the target datasets
on which 10-fold cross-validation is performed, the
third column displays the number of wins and losses
against the baseline method [7] (BL). The fourth
and fifth column display average log-likelihoods (per
fold) on unseen target data (estimated by 10-fold
cross-validation) for the two methods.

tures learned on completely different sets of genes from pos-
sibly different datasets (e.g. from different tissues or corre-
sponding to different diseases). To this end we utilized the
algorithms presented in previous sections for construction
and selection of a set of Gaussian features. We, however,
did not use directly the models (mean vectors and covari-
ance matrices) created according to these features for mod-
elling of the data but we used them as shrinkage targets for
covariance-matrix estimation [7].

Before we get to the details of our experimental protocol,
we give here a brief description of KEGG pathways. Each
KEGG pathway is a description of some biological process
(a metabolic reaction, a signalling process etc.). It contains
a set of genes annotated by relational description which con-
tains relations among genes such as compound, phosphory-
lation, activation, expression, repression etc. The relations
do not necessarily refer to the processes involving the genes
per se but they may refer to relations among the products of
these genes. For example, the relation phosphorylation be-
tween two genes A, B is used to indicate that a protein coded
by the gene A adds phosphate group(s) to a protein coded by
the gene B. This is what makes the task of modelling gene
expression (i.e. regulation networks of gene activities) using
only this kind of relational knowledge a rather challenging
task.

We performed the experiments with three datasets obtained
from GEO (Gene Expression Omnibus [4]). We normalized
the data so, in fact, we worked with correlation matrices
rather than with general covariance matrices. We selected
50 smallest pathways from each gene-expression dataset and,
on half of them, we constructed a set of tree-like features and
estimated their parameters. Then we greedily selected a sub-
set of these features on the other half of the 50 pathways.
We performed the experiments constructing the Gaussian
features on one dataset and then applying them on different
pathways from another dataset and also to different path-
ways from the same dataset. As a baseline method we used
the shrinkage-based method from [7]. The experimental re-
sults are displayed in Table 1. Our novel method based on
shrinkage with covariance-matrix targets given by Gaussian
features performs best. It is also fair to say that the most
important feature (which contributed most to the accuracy)
was a feature that added an average correlation for all pairs
of genes. Nevertheless, the other discovered more complex



features (e.g. g(A,R1), cmpd(A,B), cmpd(B,C), g(C,R2)
or g(A,R1), inhib(A,B), expr(B,C), g(C,R2)) further con-
tributed to the accuracy as well.

The second set of experiments dealt with estimation of DNA-
binding propensity of proteins. Proteins which possess the
ability to bind to DNA play a vital role in the biological
processing of genetic information like DNA transcription,
replication, maintenance and the regulation of gene expres-
sion. The process of DNA-binding has not been completely
understood yet. It has been shown that electrostatic prop-
erties of proteins such as total charge, dipole moment and
quadrupole moment or properties of charged patches located
on proteins’ surfaces are good features for predictive classi-
fication (e.g. [1], [2]). Szilágyi and Skolnick [8] created a
logistic regression classifier based on 10 selected features,
including electrostatic properties, to predict DNA-binding
propensity of proteins from their low-resolution structures.
We will use this method of Szilágyi et al. as a method for
comparisons.

We used Gaussian logic to create a model for distributions
of positively charged amino acids. We split each protein
into consecutive non-overlapping windows, each containing
lw amino acids. For each window of a protein P we com-
puted the value a+

i /lw where a+
i is the number of positively

charged amino-acids in the window i. Then for each protein

P we constructed an example eP = (HP , θ⃗P ) where

HP = w(1, r1), next(1, 2), . . . , next(nP − 1, nP ), w(nP , rP )

θ⃗P =
(
a+
1 /lw, a

+
2 /lw, . . . , a

+
nP

/lw
)

In the experiments that we performed, we constructed only
one feature Fnon = w(A,R1) for non-DNA-binding proteins
since we do not expect this class of proteins to be very
homogeneous. For DNA-binding proteins, we constructed
a more complex model by selecting a set of features us-
ing a greedy search algorithm. The greedy search algo-
rithm optimized classification error on training data. Clas-
sification was performed by comparing, for a tested protein,
the likelihood-ratio of the two models (DNA-binding and
non-DNA-binding) with a threshold selected on the train-
ing data. We estimated the accuracy of this method us-
ing 10-fold cross-validation (always learning parameters and
structure of the models and selecting the threshold and win-
dow length lw using only the data from training folds) on
a dataset containing 138 DNA-binding proteins (PD138 [8])
and 110 non-DNA-binding proteins (NB110 [1]). The esti-
mated accuracies (Gaussian Logic) are shown in Table 2.

Method Accuracy [%]
Szilágyi et al. 81.4
Baseline Gaussian logic 78.7
Gaussian logic 81.9

Table 2: Accuracies estimated by 10-fold cross-
validation on PD138/NB110.

The Gaussian-logic method performs only slightly better
than the method of Szilagyi et al. [8] but uses much less in-
formation. Next, we were interested in the question whether

the machinery of Gaussian logic actually helped improve the
predictive accuracy in our experiments or whether we could
obtain the same or better results using only the very sim-
ple feature F = w(A,R1) also to model the DNA-binding
proteins. The results corresponding to this latter simplified
setting are also shown in Table 2 (Baseline Gaussian Logic)
and indicate that Gaussian logic was really helpful in this
case.

4. CONCLUSIONS AND FUTURE WORK
In this paper we have introduced a novel relational learning
system capable to work efficiently with combinations of re-
lational and numerical data. The experiments gave us some
very promising results. Furthermore, there are other pos-
sible applications of Gaussian logic in bioinformatics which
were not discussed in this paper. For example, finding pat-
terns that generally correspond to highly correlated sets of
genes may have applications in predictive classification of
gene expression data.
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