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Abstract— A new crossover operator for real-valued evolutionary algorithms is proposed in this paper. It is based on the
kernel principal component analysis and is very suitable for small
groups of design variables with a high degree of dependency. Its
efficiency is evaluated on three reference optimization problems
and is compared to that of other more conventional crossover
operators. The new crossover is in the majority of cases more
efficient and more reliable than its competitors, including the
simplex crossover.

I. I NTRODUCTION
Genetic and evolutionary algorithms (GAs, EAs) have many
advantages over other techniques when solving optimization
tasks. Among others we can present e.g. the ability to escape
from local optima and to use the population as a facility to
learn the structure of the problem. On the other hand, the
basic versions of EAs suffer from the linkage (epistasis, or
statistical dependency) among the design variables involved in
the optimization task. In other words, the EAs usually consider
each variable to be independent of the others.
In many practical optimization tasks, this assumption is
certainly not fulfilled and this fact can greatly deteriorate the
efficiency of the evolutionary algorithm. The reason is hidden
mainly in the crossover operator. If the EA in certain point of
the evolution finds a so-called building block (BB), i.e. good
values of a group of linked variables, the crossover is likely
not to preserve this group. Many authors, e.g. [3], [6], [11],
pointed out the necessity of identifying proper BBs and using
this information in the crossover which then has two roles:
•
•

to ensure a good mixing of the identified BBs,
and to preserve (in some sense) the good building blocks.

On the level of identified BBs, the crossover should serve
as an instrument for proper building blocks mixing. This can
be ensured by using the classical two-parent crossover. On
the contrary, inside the individual BBs, the crossover should
preserve good combinations of values. Harik [3] wrote:
”. . . The GA’s population consists of chromosomes that
have been favored by evolution and are thus in some sense
good. The distribution that this population represents tells the
algorithm where to find other good solutions. In that sense,

the role of crossover is to generate new chromosomes that are
very much like the ones found in the current population. . . . ”
This can be hardly achieved by a two-parent crossover.
We need more information hidden in more parents or in the
whole population (we need to use a multi-parent crossover).
In real-valued EAs which are considered in the rest of this
paper, the crossover operator often proposed for this ‘insideBB’ recombination is the so-called simplex crossover (SPX)
[11]. This operator randomly selects several parents which
form a simplex in the search space, extends it by some factor
and uniformly samples one new individual from the extended
simplex.
In the rest of this paper, a new crossover operator for tightly
linked building blocks is described. This operator originates
in the field of estimation of distribution algorithms (EDAs).
They do not create new individuals by combining the features
of several parents, rather they create an explicit generative
probabilistic model of the distribution of good solutions in the
search space and the offsprings are then sampled from this
model. The kernel principal component analysis is suggested
to play the role of the distribution model and is described in
section III. Section IV presents an experimental comparison
of the proposed crossover with other ‘more classic’ crossover
operators and section V summarizes and concludes the paper.
II. L INKAGE L EARNING VIA C OORDINATE
T RANSFORMATIONS
As stated above, the linkage presents a serious issue for
evolutionary algorithms. However, there are possibilities how
to overcome this limitation; in fact in some cases we can use
the linkage to work for us if we are able to identify it and to
use it in the evolution. Among other methods, I would like to
point out the following two:
1) Probabilistic models. In the framework of EDAs we
can account for the statistical dependencies by using a
probabilistic model that is flexible enough to cover these
interactions. The models used in EDAs ranges from very
simple univariate marginal distribution models [9] which
assume the independence of individual features, to much
more complex ones which model the distribution of good

solutions in the search space e.g. as a finite mixture of
multivariate gaussian distributions [2].
2) Transformations of coordinates. We can transform the
individuals from the search space into another one in
which the linkage is greatly reduced. The principal
component analysis (PCA) can be used to create such
a linear reversible transformation which will decorrelate
the features of individuals. Another approach would be
to use the independent component analysis (ICA) to
make the features as independent as possible [13].
The transformations produced by both the PCA and the
ICA are linear in nature and thus are not able to reduce the
statistical dependency enough. For that reason some authors
aimed their attention to non-linear versions of the above
mentioned methods. We can e.g. employ a kind of clustering
(explicit, or implicit produced by a parallel model of EA) and
perform the PCA or ICA on each cluster separately [4]. As
it turns out, many of the complex probabilistic models are
constructed exactly in this way. In the same time they usually
offer a statistically justified way of constructing the model e.g.
via the maximal-likelihood estimation [5].
Many of the complex probabilistic models thus can be
viewed as a combination of learning (1) a possibly non-linear
coordinate transformation and (2) a much simpler probabilistic
model of distribution of the transformed data points. Sampling
from such a complex model then amounts to (1) sampling from
the simple probabilistic model in the transformed space and
(2) converting the new data points into the original space via
the inverse transformation. This is also the approach used by
the kernel principal component analysis that is described in
the next section.
III. K ERNEL P RINCIPAL C OMPONENT A NALYSIS
In this section, a short summary of the kernel principal
component analysis (KPCA) is given. Interested reader should
refer to the original paper [8], or to the book [7]. First, the
required theory is presented and then the characteristics of
KPCA are discussed.
A. KPCA Basics
When performing ordinary PCA it usually amounts to
computing eigenvalues and eigenvectors of the data sample
covariance matrix. Let us denote the set of centered data
points at hand (the population) as X = (x1 , x2 , ...xN ). The
population matrix X is of size D × N , where D is the
dimension of the input space and N is the population size.
The covariance matrix of size D × D is given by
1
C = XXT .
(1)
N
If we find the eigendecomposition of this matrix, we find the
linear transformation which decorrelates the components of
individuals. However, it can be shown (see e.g. [8], [5]) that
after performing the eigendecomposition of the dot product
matrix of size N × N computed as
1
K = XT X ,
(2)
N

we arrive to the same non-zero eigenvalues and (after simple
computation) to the same eigenvectors. Thus, we can express
the whole PCA in terms of dot products.
The kernel methods gained their popularity mainly due
to the simplicity with which they allow a broad range of
originally linear methods to become non-linear. We can ‘nonlinearize’ any linear algorithm which is expressed in terms of
dot products.
Suppose we have a function Φ : RD → F which presents a
non-linear mapping from the input space to the so-called feature space. Then, we can define a function k : RD × RD → R
as a dot product of two data points transformed to the feature
space:
k(xi , xj ) = hΦ(xi ), Φ(xj )i
(3)
If we compute a so-called kernel matrix K so that the
individual elements of the matrix are Kij = k(xi , xj ), we
have a dot product matrix of the data points transformed to
the feature space. We can now perform the linear PCA in the
feature space via the eigendecomposition of the kernel matrix
and this whole process is called kernel PCA.
Suppose now we want to use the KPCA for feature extraction, i.e. for an input point x we want to find the projection of
the image Φ(x) onto the principal components of the feature
space F . The i-th element yi of the image y (the i-th nonlinear feature of x) can be computed as an projection of the
image Φ(x) on the i-th eigenvector of the kernel matrix K,
i.e.
fi (x) = yi = hvi , Φ(x)i =

N
X

vji k(xj , x) ,

(4)

j=1
i
where vi = (v1i , v2i , . . . , vN
) is the i-th normalized eigenvector
of the kernel matrix K.
However, the best thing is that we need not know the mapping function Φ. It can be shown that if the function k satisfies
some conditions (Mercer’s conditions), it corresponds to a dot
product in some non-linearly mapped feature space F . Thus,
we can compute the KPCA just by selecting any valid kernel
without explicitly prescribing the mapping Φ. In the literature,
the most often used kernels are the polynomial kernel, the
radial basis function (RBF) kernel and the sigmoidal kernel.
In the rest of this paper, the RBF kernel of the form

k(xi , xj ) = e−

kxi −xj k
2σ2

2

(5)

is used.
B. The Pre-Image Problem
In the last subsection, Eq. 4 provides a way how to carry
out the projection of input data points onto the non-linear
principal components of the feature space. To be able to
use the KPCA as a crossover operator we need to address
the inverse transformation as well. In general, this presents
rather intricate issue. The mapping Φ induced by the selected
kernel k usually maps the low-dimensional input data points
to a high-dimensional (possibly even infinite dimensional)

feature space F . The feature space is usually of much higher
cardinality so that a one-to-one mapping almost never exists.
This means that for an input point x there always exists its
image Φ(x) in the feature space, but the opposite is not true
— for a randomly chosen image in feature space there only
seldom exists a precise pre-image in the input space.
However, we can try to look for at least approximate
pre-images. The idea is really simple: if we have an image P
y given as an expansion of training points images,
N
y = j=1 αj Φ(xj ), we can find its approximate pre-image
z in such a way that the image of z, Φ(z), minimizes the
euclidean distance to y (or the distance is at least sufficiently
small), i.e. we solve the following optimization problem:
z = arg min ky − Φ(x)k
x∈RD

(6)

In [8], for the gaussian kernel the following fixed point
iteration algorithm was derived:
PN
2
j
/(2σ 2 ))xj
j=1 αj exp(− x − zn
(7)
zn+1 = PN
2
j
2
j=1 αj exp(− kx − zn k /(2σ ))
C. KPCA Crossover and Its Characteristics
The principle of the KPCA crossover as used in this article
can be described as follows:
1) Normalize the population (make it centered with standard deviation equal to 1)
2) Train the KPCA model on the whole population
3) Find the projection of the population onto the principal
components of the feature space F via Eq. 4
4) Determine the hypercube in which the images of the
individuals ‘live’ in the feature space
5) Randomly sample N images from the hypercube
6) Find the pre-images of the new individuals using Eq. 7
iteratively
7) Denormalize the offsprings
The KPCA crossover can be (a bit simplistically) also
described as a random search in the feature space. The KPCA
amounts to performing the linear PCA in the non-linearly
transformed input space, thus in feature space it preserves all
the characteristics of the PCA. If we wanted to visualize the
non-linear components extracted from the data, we could do it
e.g. via the contour plots of the components. In case of PCA
we would see a set of parallel contour lines perpendicular to
the respective principal component. In case of KPCA we can
see rather complex set of curves which describe the data with
much greater fidelity (see Fig. 1).
For various kernels we can set a few parameters; however,
the precise form of the model is mainly data driven — the
training data set is the main factor influencing the final form of
the KPCA model. The KPCA is thus very efficient in modeling
various types of dependencies — clusters, curves, etc. In Fig.
2 we can see that the KPCA is able to perform a kind of
clustering (modeling two –or more– clusters of data points)
and a kind of ‘curve modeling’ (describing each cluster as a
ring) in the same time. This figure is an example of the ability
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Fig. 2. Example of using the KPCA Crossover. The KPCA is able to perform
clustering and a ‘curve-fitting’ in the same time.

of the KPCA model to generate new data points which are
‘very similar’ to the training data points. This makes it an ideal
crossover operator for variables which are closely dependent
on each other; in the same time, the KPCA crossover is not
suitable for variables which are not closely related. In that
case, the KPCA is very limited in introducing a new genetic
material to help in the evolution (as you can see in Fig. 2, the
KPCA crossover does not generate any data point in areas,
where no training points are present). The search based solely
on the KPCA is then strongly biased by the individuals from
the initialization phase of the evolution.
IV. E MPIRICAL C OMPARISON
A. Evolutionary Model
The carried out experiments were aimed at comparing the
KPCA crossover to several other crossover operators. No mutation was used in all experiments. The following evolutionary
model was used (let the population size be N ):
1) Based on current population, create N new individuals
via the respective crossover operator, and evaluate them.
2) Join the old and new populations to get data pool of size
2N .
3) Use truncation selection to select the better half of data
points (returning the population size back to N ).
4) Repeat until the number of evaluations exceeds 50,000.
All experiments were repeated 20 times.
B. Test Suite
For the performance evaluation, a few 2-dimensional reference optimization problems with various degrees of dependency between both design variables were used. They are
listed in Table I. The TwoPeaks function was used in the
work of Tsutsui et al. [12]. It is a separable function. The
global optimum is F (1, 1) = 0. The Griewangk function
is an example of non-separable function. It has one global
optimum (F (0, 0) = 0) in the origin of the coordinate
system and 4 local optima surrounding (and hiding) the global
one. Many evolutionary algorithms fall in trouble with this
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TABLE I
T EST FUNCTIONS AND RELATED PARAMETERS . T HE f

5
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FUNCTION CAN BE

(1, 5), (2, 0),

(7, 4), (12, 0).

Griewangk
Rosenbrock

Domain

•

h0, 12i2
x
√i
i

F = 100 × (x21 − x2 )2 + (1 − x1 )2

10

0

5

10

First six nonlinear components of the toy data set

DESCRIBED AS POLYLINE GOING THROUGH POINTS (0, 0),

Expression
P
F = 10 − 2i=1 f (xi )
P2
Q2
x2
i +
F = 1 + i=1 4000
i=1 cos

5

6. Component

10

Fig. 1.

Two Peaks

0

10

0

Function

3. Component

h−5, 5i2
h−2.05, 2.05i2
•

function. The Rosenbrock (a.k.a. Banana) function has high
degree of dependency between variables. It is very hard to
optimize using ordinary evolutionary algorithms. The optimum
is F (1, 1) = 0.
C. Involved Crossover Operators
Experiments on the following EAs with various crossover
operators were carried out:
• GA. A genetic algorithm with the uniform crossover.
Binary representation with a resolution allowing the GA
to find such a solution the distance of which from the
global optimum is not larger than 2.22−16 .
• UMDA. The univariate marginal distribution algorithm
is described e.g. in [9] in more detail. The distribution
of each variable is estimated via the univariate marginal

•

distribution, in this case by means of the empirical equiheight histogram. The number of histogram bins was set
to such a number that if all the bins had equal width,
none of them was larger then 0.1.
DiT. EDA with the distribution tree model (in more detail
described in [10]) The parameters of the model used for
comparison were minT oSplit = 5, minInN ode = 3,
and maxP V alue = 0.001.
SPX. EA with the simplex crossover operator (in more
detail described in [11]).
KPCA. EA with the KPCA crossover presented in this
article. The kernel parameter σ was set to 1. When
performing the inverse transformation, the number of
principal components used was set as the minimal number
of components able to describe at least 99.99% of the
variance in the feature space, but not less then 10.

D. Monitored Statistics
In all experiments several efficiency measures were tracked:
• BSF (Best-so-far fitness). Average fitness of the best
individual after 50,000 evaluations in all 20 runs.
• StdevBSF. The standard deviation of the best fitness after
50,000 evaluations in all 20 runs.
• Found0.1 (Found0.01, Found0.001). As the evolution
progresses, it is checked how many times (out of the 20

BSF (StdevBSF)
Found0.01
Found0.001
WhenFound0.01 WhenFound0.001
PopSizeUsed

Found0.1
WhenFound0.1

Fig. 3.

Layout of monitored statistics in the results table.

E. Results and Discussion

using KPCA crossover was able to solve this problem with
comparable efficiency and reliability as the UMDA (see Fig.
4). This is, however, caused by the low dimensionality of the
problem and by the ability of the KPCA to implicitly perform
clustering. With increasing dimensionality of this problem the
UMDA scales well [9], but I do not expect the KPCA to
preserve its superior results in that case (greater population
sizes would be needed). The other algorithms solved this
problem much worse than the UMDA and KPCA; the SPX
crossover failed to solve this task finding a deceptive attractor
of the Two Peaks function in a half of all the runs.
Two Peaks, all crossovers
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Average Best−So−Far Fitness

runs) the best solution is in the ‘0.1 neighborhood’ (0.01,
0.001 respectively) of the global optimum. E.g. for 0.1
T
neighborhood, the condition |xBSF
− xOP
| < 0.1 for
i
i
all i must hold.
• WhenFound0.1 (WhenFound0.01, WhenFound0.001). The
average number of evaluations needed to get to the 0.1
neighborhood (0.01, 0.001 respectively) is computed only
from the runs in which the algorithm succeeded to get so
close to the global optimum.
• PopSizeUsed. All the experiments were carried out with
a wide range of population sizes (pop. sizes of 20, 50,
100, 200, 400, 600, and 800 were used). The statistics
for that population size which resulted in the best score
after 50,000 evaluations were selected to be included in
Table II.
Each cell of the Table II contains all the above mentioned
statistics with the following layout:
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The overall results are shown in Table II.
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Comparison of the crossovers on the Two Peaks function
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The Two Peaks function is separable (having no interactions
between the variables) and thus the UMDA was expected to
solve such a problem very efficiently. Surprisingly, the EA

The Griewangk function is not separable and the UMDA
is not able to solve this function (see Fig. 5). The SPX
crossover solves this problem best, however this is due to the
fact that the global optimum lies in the middle of the other
local optima. SPX creates many offsprings in between the
parents and thus in the neighborhood of the global optima. As
was shown by the Two Peaks function in previous paragraph,
when solving a general multimodal function the SPX is not
very efficient. The EDA using the DiT model is very efficient
solving this task as well, although it needs larger population
than SPX and KPCA. The KPCA solves this task reliably
with relatively small population, however it needs longer time
preserving a ‘subpopulation’ on each of the local optima. After
the ‘subpopulations’ vanish due to the selection the global
optimum is reached very quickly.
The Rosenbrock function has the strongest dependency
between the variables among all three test problems. The SPX
and KPCA were the only algorithms able to solve this task
precisely. The EA using KPCA crossover needs much smaller
population and is able to solve this ‘EA-hard’ problem very
quickly. It needs only hundreds of fitness function evaluations
which is a number that is still worse, but already comparable
with more classic, gradient-based optimization techniques.

Griewangk, all crossovers

0

hypothesize that the KPCA will not scale well in general case
and without problem structure learning and decomposition its
superior efficiency and reliability would vanish.
Nevertheless, it should be pointed out that no special parameter tuning for the KPCA model was performed and the KPCA
crossover solved all the problems with the same parameter
settings. There is an open space for research in the field of
creating good heuristics to set the parameters, or adapting the
parameters during the EA run. The first experiments presented
in this paper suggest that the KPCA crossover has a great
potential and when used appropriately it belongs to the best
operators for competent evolutionary algorithms.
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[1].

−10

10

−20

10

GA, pop. size: 800
UMDA, pop. size: 800
DiT−EA, pop. size: 600
SPX, pop. size: 200
KPCA−EA, pop. size: 50

−30

10

0

Fig. 6.

1

2

3
4
No. of Evaluations

5

6
4

x 10

Comparison of the crossovers on the Rosenbrock function

V. S UMMARY

AND

C ONCLUSIONS

In this paper, the KPCA crossover was proposed for tightly
linked groups of variables. The basics of kernel methods theory were described, along with the kernel principal component
analysis and its use as an efficient multi-parent crossover
operator. Finally, the performance of KPCA crossover is
evaluated on a small set of reference test problems.
Although, the results presented in this paper are very
promising, the KPCA crossover still deserves further evaluation and investigation. It should be studied how large tightly
linked building blocks the KPCA is able to model efficiently
with respect to the population size. Furthermore, when solving
practical problems of higher dimensionality, the KPCA should
be accompanied with a ‘device’ for detecting the dependencies
between variables (i.e. learning the problem structure). I
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